Inelastic neutron scattering (INS) spectroscopy is an extremely valuable and widely used tool for investigating on a microscopic level the properties of hydrogen molecules confined inside the nanosize cavities of diverse host materials. Its remarkable power stems from two key features. One of them is the exceptionally large incoherent neutron scattering cross section of the proton, nearly two orders of magnitude greater than for any other nucleus.
Therefore, in presence of a relevant concentration of protons, the bands in the spectra due to the host vibrational modes not involving hydrogen are typically quite small, making INS a highly selective probe of the dynamics of the encapsulated hydrogen molecules. The second unique feature of the INS is the ability of neutrons to induce nuclear spin transitions. This makes it possible to observe the rotational ∆J = 1 transitions, e.g., J = 0 → 1 of para-H 2 (p-H 2 ) and J = 1 → 2 of ortho-H 2 (o-H 2 ), which are forbidden in optical, infrared (IR) and
Raman spectroscopy of H 2 since they involve the ortho-para conversion.
In recent years, the INS spectroscopy has been used to study the behavior of molecular hydrogen encapsulated in a wide variety of materials, including fullerenes 1,2 , clathrate hydrates 3,4 , metal-organic frameworks (MOFs) [5] [6] [7] , and zeolites 8, 9 . INS spectra are rich in information about the specifics of binding and dynamics of the entrapped H 2 , and its interactions with the host materials. However, until recently, only a fraction of the information encoded in the INS spectra could be extracted with the low-dimensional theoretical ap- Neglecting the T-R coupling when simulating the INS spectra of an H 2 molecule in a nanocage would result in two kinds of errors. (1) The energies of the calculated energy levels would be incorrect (for the PES employed), and so would be the transition energies.
(2) Energy levels which arise solely because the T-R coupling lifts certain level degeneracies would be missing entirely. As one example of (1) The calculations without the T-R coupling would yield the j = 1 triplet splitting which is constant, independent of the translational excitation. Therefore, in the corresponding simulated INS spectra, the transitions involving the j = 1 triplet would appear at energies significantly different from those computed with the T-R coupling included. An example of (2) is provided by H 2 @C 60 . Our quantum 5D calculations predicted that translationally and rotationally excited level n = 1, j = 1 is split into three levels, due solely to the T-R coupling 15, 16, 18 . The predicted triplet was observed in both the INS 2 and IR spectra 26 of H 2 @C 60 . In contrast, the calculations assuming no T-R coupling would give a single n = 1, j = 1 level, since both the translational fundamental (n = 1) and the j = 1 rotational level of H 2 in C 60 by themselves remain triply degenerate 15 . Thus, the INS spectra of H 2 @C 60 computed without the T-R coupling would be qualitatively wrong and incomplete. These and many other examples illustrate the importance of including the T-R coupling in the calculations of the INS spectra of nanoconfined molecules.
In this paper we present the quantum methodology for calculating the INS spectra for H 2 inside a nanocavity i.e., the energies of the T-R transitions and their intensities, which for the first time incorporates rigorously the translation-rotation interactions. The computed spectra faithfully mirror the complexity of the "rattling" dynamics of the molecule confined in an anisotropic environment. This uniquely high degree of realism and detail in simulating the INS spectra is not achievable by the approaches in the literature. It is made possible by our ability to compute accurately the fully coupled quantum 5D T-R energy levels and wave functions of the entrapped molecule on the 5D intermolecular PES 11, 12, 15, 16 and, as shown here, use them as input for calculating the spectra.
Only a brief summary of the theory is given in this paper, while a detailed description will be presented elsewhere 27 . As in all the quantum treatments of the INS spectroscopy, our starting point is the standard expression for the neutron scattering double differential cross section in the first Born approximation 22, 28 :
Here |i is the initial state of the scattering molecular system with the energy ǫ i , p i its statistical weight, |f the final state with the energy ǫ f , κ = k − k ′ ; k and k ′ the wave vectors of the incident and the scattered neutrons, respectively,hω
m the neutron mass;b n is the scattering length operator, r n the position of nucleus n. For a single nucleus n, the scattering operator reads: (1) and (2) can be written in the product form
|I τ and |Ψ τ ( r 1 , r 2 , ..., r n ) (τ = i, f ) are the nuclear spin and spatial wave functions.
We now consider a single nanoconfined H 2 molecule; both the molecule and the nanocage are taken to be rigid. The position of the nth H atom is given by r n = R cm + (−1) n ρ/2, n = 1, 2, where R cm is the position vector of the cm of H 2 and ρ is the vector connecting the two H atoms. To calculate S( κ, ω) defined by Eqs. (1) and (2), for the spatial components of the states |i and |f in Eq. (3) we use the accurately computed 5D wave functions
τ ( R cm , θ ρ , φ ρ ) and the corresponding energy levels ǫ τ (τ = i, f ) of the 5D T-R Hamiltonian of the caged H 2 molecule 11, 12, 15, 16 ; θ ρ , φ ρ specify the orientation of H 2 in the cage. In
where σ I i →I f is the spin-dependent neutron scattering cross section. This equation applies to (4) is replaced with cos( κ · ρ/2) 27 .
In the 5D basis, the T-R eigenvectors |Ψ 
32 is employed, of which cos( κ· ρ/2) and sin( κ· ρ/2) above are real and imaginary parts, respectively.
The spatial component of Eq. (4) can be rewritten as: As a demonstration of the methodology described in this paper, we have calculated the with no hydrogen, its signal was accurately subtracted from the spectra. Consequently, the reported experimental INS spectra are exclusively due to H 2 molecules in the small cages.
Multiple scattering contributions from two or more inelastic scattering events were evaluated approximately and found to be negligible over the entire energy-transfer interval of interest.
The 5D PES, the quantum 5D T-R energy levels and wave functions used to compute the INS spectra were reported in Ref. 12 . At 20 K, the temperature of the experiment, only the lowest rotational states J = 0, 1 are populated, and therefore are the only initial states considered in the calculations. The initial J = 1 level is split into three components by the angular anisotropy of the PES 12 , and in the calculations their population is weighted by the Boltzmann distribution at 20 K. The theoretical intensities were calculated for the two momentum-transfer values corresponding to the two scattering angles, forward at 42.6
• and backward at 137.7
• , available on TOSCA neutron spectrometer 35 . The results presented correspond to the averages of the intensities calculated, and measured, at these two angles.
Since the experimental data were taken from powdered samples, the computed INS spectra are also averaged over all possible orientations of the nanocages 27 .
The simulated INS spectra of a hydrogen molecule in the small cage are displayed for p-H 2 in Fig. 1 and for o-H 2 in Fig. 2 ; the corresponding experimental spectra are shown for comparison. In both figures, two types of calculated spectra are shown, stick spectra at the top and those obtained by convolving with the instrumental resolution function appropriate for TOSCA spectrometer at the bottom. In the quantity S(Q, ω) on the vertical axis, 
